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The temperature u(x, t) of a long, thin rod of constant cross section and homogeneous
conducting material is governed by the one-dimensional heat equation. If heat is generated in the
material, for example, by resistance to current or nuclear reaction, the heat equation becomes Continue to post

9u Kr du 15 questions remaining
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where / is the length, p is the density, C is the specific heat, and K is the thermal diffusivity of the
rod. The function r = r(x, t, u) represents the heat generated per unit volume. Suppose that /= 1.5
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cm, K =1.04 callcm - deg - s, p = 10.6 g/cm®, C = 0.056 cal/g - deg, and r(x, t, u) = 5.0 callcm? -
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If the ends of the rod are kept at 0 ° C, thenu(0, t) = u(, ) =0, t > 0. Organic
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Suppose the initial temperature distribution is given by
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Use the results of Exercise 15 to approximate the temperature distribution with h = 0.15 and k =

0.0225

Modify Algorithms 12.2 and 12.3 to include the parabolic partial differential equation
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To approximate the solution to the parabolic partial differential Ryan
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subject to the boundary conditions
w0.N=al.0=0. 0<I<T,
and the initial conditions
wr,0) = fx), O=x=<li:

INPUT  endpoint /7 maximum time T conslant o integersm = 3, N = L.

OUTPUT  approximations w; ; to w(x;.f;) foreachi=1..... m—landj=1,..., N.
Step 1 Seth=ijm;

£ =TiN;

3 =tk
Step? Fori=1,....m—1selw; = f(ik). (Initial values)

(Steps 3—11 solve a tridiagonal Gnear system axing Alperithm 6.7.)
Step3 Setly=1+2a

h =—afh.
Stepd Fori=2..... m—2setli=14+2 4213
L.
Step 5
Step &
Step 7 Sett
Step 8 Fori Lom— | set = (w4 Az )/
Step 9 Selwe
Step 10 Fori=m—2. ;i = I — Mg .

Step 11 OUTPUT (1);  (Note: 1 =1;)
Fori=1..... m— | setx =il
OUTPUT (x, w;). (Nofe: w; = wyj)

Step 12 STOP. (The procedsre is complete.) ]

Reference: Algorithms 12.3
Crank-Nicolson

To approximate the solution to the parabolic partial differential

2
%[x,f) 70(2:;;(.\'.:} =0, O0<x=<I, 0
subject to the boundary conditions
u(0,t) =u(l,t) =0, O0<t<T,
and the initial conditions
ux,0) = f(x), 0=<x<I:
INPUT  endpoint [: maximum time T constant cr; integers m >

OUTPUT  approximations w;; to w(x;, t;) foreachi=1.....n

Step 1 Seth=I/m:

k=T/N;
A= Ctzkfﬁz'.
Wy = 0.

Step 2 Fori=1,....m—1setw; = f(ih). (Initial values.)
(Steps 3-11 solve a tridiagonal linear system using Algorithm 6.7.)

Step 3 Setlj=1+1;

uy = —A/(2h).
Step4d Fori=2,....m—2setl; =145+ hu;_1/2;
wp = —A/(26).
Step 5 Setl, | =14 A+ hu, /2.

Step 6 Forj=1,...,N do Steps 7-11.
Step 7 Sett=jk: (Current t;.)

A
= [(] —Aw, + sz] /Il.

Step8 Fori=2,....m—1set
A
L= [(1 = Ww;+ 5 (Wi + Wiy +"_|)]/

Step 9 Set Wm_| = Zm_1-
Step 10 Fori=m—2,....1 setw; = z; — ujwiy .

Step 11 OUTPUT (1): (Note: t =1;)
Fori=1.....m—1setx=ih;
OQUTPUT (x, w;). (Note:

Step 12 STOP. (The procedure is complete.)

Step-by-step solution

Step 1 of 23

The 1-D heat equation of a long, thin rod of constant cross-section and homogeneous conducting
material, and the conditions which govern it, are as follows:
(’ﬁl(.\',l)+ Kr
o’ pC
Here, | is the length of the rod, p is the density, (" is the specific heat, g is the thermal

e ) N O

diffusivity of the rod, and » = r(.\',l, u) is the heat generated per unit volume respectively.

Comment
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The parameters are defined as shown below:

r=r(xtu)
I=1.5cm,
K =1.04 cal/em-deg-s,
p=10.6 g/cm*,
C=0.056 cal/cm-deg, and
r(x,t,u)=5.0 cal/em’ -s

The required parabolic partial differential equation becomes,

du(x) 1 Fulx,
—"(X ')—l—"(fl)=L, for 0<x</and>0.
ot K ox° pC
u(xt) | 1 2u(%) g 123180593 for 0<x<1.5ands>0
ot 1.04 o’

Comment
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Assume that the ends of the rod are kept at ()*C and the initial temperature distribution is,
{2\
u(x,0)= sintT'J for 0<x</

In that case, the boundary conditions are,
u(0,6)=u(l,)=0for >0
Use of parameters leads to,

u(0,6)=u(1.5,1)=0 for t>0

u(.\'.O):sin(%] for 0<x<1.5

Comment

Step 4 of 23

Use the Modified Backward Difference Algorithm to approximate the temperature

distribution with 4, =0.15 and k = 0.0225 as follows:
i
Set 7=0.225and o= \[— =0.9805806757
1.04

The Modified Backward-Difference Algorithm with Maple technology is shown below:

> restart :

>
# HEAT EQUATION MOFIFIED BACKWARD-DIFFERENCE
ALGORITHM

> # To approximate the solution to the parabolic

partial -differential

> # equation subject to the boundary conditions

>#  uw0) =uflt) = 8423180593, 0 <t <T=maxt,

> # and the initial conditions

> # u(x,0) = F(x), 0 <=x <=1:

> # INPUT: endpoint I: maximum time T: constant ALPHA: integers

m,N.
> # OUTPUT: approximations W(I,J) to u(x(l),t(J)) for each
> # I=1,.,m-landJ=1, .., N.

Comment

Step 5 of 23

Continuation of the above is as follows:

> print( "This is the Modified Backward-Difference Method for Heat
Equation.”) :

> print( “Input the function F(X) in terms of x.") :

> print( "For example: sin(3.141592654*x)") :

> F:=scanf("%a’) [ 1] : print( "F(x) = ") : print(F) :

> F:= unapply(F, x) :

> print( "The lefthand endpoint on the X-axis is 0.") :

> OK = FALSE:

> while OK = FALSE do

> print( “Input the righthand endpoint on the X-axis.") :

> FX = scanf("%f") [ 1] : print( Righthand endpoint = ") : print(FX) :

> if FX < 0 then

> print( "Must be positive number.") :

> else

> OK = TRUE :

> fi:

> od:

Comment

Step 6 of 23

Continuation of the above is as follows:

> OK = FALSE:
> while OK = FALSE do
> print( "Input the maximum value of the time variable T.") :
> FT = scanf ( "%f") [ 1] : print( "Maximum time value = ") : print(FT) :
> if FT < 0 then
> print( "Must be positive number.") :
> else
> OK := TRUE :
> fic
> od:
> print( "Input the constant alpha.”) :
> ALPHA = scanf("%f") [ 1] : print( "alpha = ") : print(ALPHA) :
> OK = FALSE:
> while OK = FALSE do
> print( “Input integer m = number of intervals on X-axis") :
> print(‘and N = number of time intervals - separated by a
blank.") :
> print( "Note that m must be 3 or larger.”) :

Comment

Step 7 of 23

Continuation of the above is as follows:

> M = scanf("%d’)[1]:

> N = scanf("%d")[1]:

> print( "Number of intervals on x-axis = ") : print(M) :
> print( "Number of time intervals = ") : print(N) :
>ifM < 2or N <0 then

> print( ‘Numbers are not within correct range.") :

> else

> OK := TRUE :

> fic

> od:

> ifOK = TRUE then

>Ml=M-1:

>M2:=M-2:

> NIl:=N-1:
Comment

Step 8 of 23

Continuation of the above is as follows:

> # Step 1

> H:=FXIM:

>K:=FTIN:

> VV = ALPHA* ALPHA*K/(H*H) :
> # Step 2

> for /2from 1 to M/ do

> W[i2-1] = F(12*H) :

> od:

> #Step 3

> # Steps 3 - 11 solve a tridiagonal linear system using
Algorithm 6.7

>LI0):=1+2*VV:

> U[0] = -VV/L[0):

Comment

Step 9 of 23

Continuation of the above is as follows:

> #Step 4

> for 12 from 2 to M2 do

S>L2-1]:=142*VV + VV*U[I2-2]:

> U[12-1]) = -VV/L[I2-1]:

> od:

> # Step 5

S L[MI-1]:=1+2%VV 4 VV*U[M2-1]:

> # Step 6

> for.Jfrom | to Ndo

> #Step 7

> # Current t

>T:=J*K:

> Z[0] := W[0]/L[0] :

Comment

Step 10 of 23

Continuation of the above is as follows:

> #Step 8

> for /2 from 2 to M1 do

> Z[12-1]) := (W[I2-1] + VV*Z[12-2])/L[12-1]:
> od:

> # Step 9

> W[MI-1] := evalf (Z[MI-1]) :

> # Step 10

> for /] from | to M2 do

>R2:=M2-11+1:

> W[12-1] = evalf (Z[12-1)-U[12-1)* W[ 2]) :
> od:

> od:

Comment

Step 11 of 23

Continuation of the above is as follows:

> # Step 11

> print( "Choice of output method:") :

> print( 1. Output to screen’) :

> print( 2. Output to text file') :

> print( "Please enter 1 or 2.") :

> FLAG = scanf( "%d") [ 1] : print( "Input is") : print( FLAG) :
> if FLAG =2 then

> print( “Input the file name in the form - drive:\\name.ext’) :

> print( for example: A:\\OUTPUT.DTA") :

> NAME := scanf("%s") [ 1] : print( "Output file is *) : print(NAME) :
> OQUP = fopen( NAME, WRITE, TEXT) :

> else

> QUP = default :

> i

Comment

Step 12 of 23

Continuation of the above is as follows:

> fprintf (OUP, 'MODIFIED BACKWARD-DIFFERENCE METHOD'n\n") :
> fprintf (OUP, " 1 X))  W(X(1),%12.6e)\n", FT) :
> for /2 from | to M/ do

>X=I12*H:

> fprintf (OUP, "%3d %11.8f %14.8f\n ", 12, X, W[12-1]) :
> od:

> fic

> if OUP # default then

> felose(OUP) :

> print( "Output file °, NAME, " created successfully’) :

> fi:

Comment

Step 13 of 23

Hit the enter key near restart of the Maple Algorithm and proceed to input the data as per the
instructions in the maple pop-up as shown below:

This is the Modified Backward-Difference Method for Heat Equation.
Input the function F(X) in terms of x.

For example: sin(3.141592654%x)

F(x) =

sin(0.6666666667 T x)

The lefthand endpoint on the X-axis is 0.

Input the righthand endpoint on the X-axis.
Righthand endpoint =

1.5

Input the maximum value of the time variable T.
Maximum time value =

0.225

Input the constant alpha.

alpha =

0.9805806757

Comment

Step 14 of 23

Continuation of the above is as follows:

Input integer m = number of intervals on X-axis
and N = number of time intervals - separated by a blank.
Note that m must be 3 or larger.

Number of intervals on x-axis =

10

Number of time intervals =

10

Choice of output method:

1. Output to screen

2. Output to text file

Please enter 1 or 2.

Input is

1

Comment

Step 15 of 23

MODIFIED BACKWARD-DIFFERENCE METHOD:
I X(1) W(X(1),2.250000e-01)

10.15000000 0.12569689

20.30000000 0.23908969

30.45000000 0.32907872

4.0.60000000 0.38685524

50.75000000 0.40676367

6 0.90000000 0.38685524

7 1.05000000 0.32907872

8 1.20000000 0.23908969

9 1.35000000 0.12569689

Result: Thus, the required approximate solution is the final Maple output.

Use the Modified Crank-Nicolson Algorithm to approximate the temperature distribution as
follows:
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> restart :

> # MODIFIED CRANK-NICOLSON ALGORITHM

> # To approximate the solution of the parabolic partial-
differential

> # equation subject to the boundary conditions

> # u(0,t) = u(lt) = 8423180593, 0 <t <T=maxt

> # and the initial conditions

> # ufx,0) = F(x), 0 <=x <=1:

> # INPUT: endpoint I: maximum time T: ¢ ALPHA: integers

mN:
> # OUTPUT: approximations W(I.J) to u(x(l),t(J)) for each
># I=1.,..., m-1andJ = 1,.., N.

Comment

Step 16 of 23

Continuation of the above is as follows:

> print( "This is the Modified Crank-Nicolson Method.”) :
> print( “Input the function F(X) in terms of x.") :

> print( "For example: sin(3.141592654%x)") :

> F = scanf("%a’) [ 1) : print( 'F(x) = ") : print(F) :
> F = unapply(F, x) :

> print( "The lefthand endpoint on the X-axis is 0.") :

> OK = FALSE:

> while OK = FALSE do

> print( "Input the righthand endpoint on the X-axis.") :

> FX = scanf("%f") [ 1] : print( ‘Righthand endpoint = ") : print(FX) :

> if FX < 0 then

> print( "Must be positive number.") :
> else

> OK = TRUE :

> fie

> od:

Comment

Step 17 of 23

Continuation of the above is as follows:

> OK = FALSE:
> while OK = FALSE do
> print( "Input the maximum value of the time variable T.") :

> FT = scanf ("%f") [ 1] : print( "Maximum time value = ") : print(FT) :

> ifFT < 0 then

> print( "Must be positive number.") :

> else

> OK = TRUE :

>fi

> od:

> print( “Input the constant alpha.”) :

> ALPHA = scanf("%f") [ 1] : print( alpha = ") : print(ALPHA) :

> OK = FALSE:

> while OK = FALSE do

> print( “Input integer m = number of intervals on X-axis") :

> print(‘and N = number of time intervals - separated by a
blank.") :

> print( "Note that m must be 3 or larger.”) :

Comment

Step 18 of 23

Continuation of the above is as follows:

> M = scanf("%d’)[1]:

> N = scanf("%d’)[1]:

> print( "Number of intervals on x-axis = ") : print(M) :
> print( "Number of time intervals = ") : print(N) :

> ifM < 2orN < 0then

> print( ‘Numbers are not within correct range.") :

> else

> OK = TRUE :

> fic

> od:

> if OK = TRUE then

>Ml=M-1:

>M2:=M-2:
Comment

Step 19 of 23

Continuation of the above is as follows:

> # Step 1
> H:=FX/M:
>K:=FT/N:

> # VV is used in place of lambda
> VV:= ALPHA"2*K/ (H"2) :
> # Set V(M) to zero
>V[M-1]:=0:

> # Step 3

> for /2 from 1 to M1 do

> V[I2-1] :=evalf (F(I12*H) ) :
> od:

> # Step 3

> # Steps 3 - 11 solve a tridiagonal linear system using
Algorithm 6.7

>LI0)=1+VV:

> U[0] := -VV/(2*L[0]):

> # Step 4

> for /2 from 2 to M2 do

>L[R2-1):=14+VV+VV*U[I2-2]/2:

> U[12-1] = =VV/(2*L[12-1]):

> od:

> # Step 5

>LIMI-1]=1+VV+05*VV*U[M2-1]:

> #Step 6

> for.Jfrom | to N do

> #Step 7

> # Current t

>T:=J*K:

>Z[0] = ((1-VV)*V[0O] + VV*V[1]/2)/L[0]:

Comment

Step 20 of 23

Continuation of the above is as follows:

> # Step 8
> for /2 from 2 to M1 do

> Z[12-1) = ((1-VV) *V[12-1] + 0.5* VV* (V[12] + V[12-2] + Z[ 12

=2]))/L[12-
AH

> od:

> # Step 9

> V[MI-1]=2Z[MI-1]:

> # Step 10

> for /] from | to M2 do
>2:=M2-11+1:

> V[I2-1]:=Z[12-1])-U[12-1]*V[12] :
> od:

> od:

Comment
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Continuation of the above is as follows:

> # Step 11

> print( "Choice of output method:") :

> print( 1. Output to screen’) :

> print( 2. Output to text file') :

> print( "Please enter 1 or 2.") :

> FLAG = scanf( "%d") [ 1] : print( "INput is °) : print(FLAG) :
> if FLAG =2 then

> print( “Input the file name in the form - drive:\\name.ext’) :

> print( for example: A:\\OUTPUT.DTA") :

> NAME := scanf( "%s") [ 1] : print( "Output file is ) : print( NAME) :
> QUP = fopen( NAME, WRITE, TEXT) :

> else

> OUP = default :

> fi:

> fprintf (OUP, 'MODIFIED CRANK-NICOLSON METHOD\n\n") :
> fprintf (OUP, " I X(I) W(X(1),%12.6e)\n", FT) :
> for /2 from | to M do

>X=12*H:

> forinf (OUP, “%3d %11.8f %13.8n", I, X, V[ 12-1]) :
> od:

> if OUP # default then

> felose(OUP) :

> print( "Output file °, NAME, " created successfully”) :

> fi:

> fi:

Comment

Step 22 of 23

Hit the enter key near restart of the Maple Algorithm and proceed to input the data as per the
instructions in the maple popup as shown below:

This is the Modified Crank-Nicolson Method.

Input the function F(X) in terms of x.
For example: sin(3.141592654%*x)
F(x) =

sin(0.6666666667 1 x)

The lefthand endpoint on the X-axis is 0.

Input the righthand endpoint on the X-axis.

Righthand endpoint =
1.5

Continuation of the above is as follows:

Input the maximum value of the time variable T.

Maximum time value =

0.225

Input the constant alpha.

alpha =
0.9805806757

Input integer m = number of intervals on X-axis

and N = number of time intervals - separated by a blank.

Note that m must be 3 or larger.

Number of intervals on x-axis =

10

Number of time intervals =

10

Choice of output method:

1. Output to screen

2. Output to text file

Please enter 1 or 2.

Input is

Comment

Step 23 of 23

MODIFIED CRANK-NICOLSON METHOD:

I X(1) W(X(1),2.250000e-01)

1.0.15000000 0.12047950

20.30000000 0.22916564

30.45000000 0.31541944

40.60000000 0.37079779

50.75000000 0.38987987

60.90000000 0.37079779

7 1.05000000 0.31541944

8 1.20000000 0.22916564

9 1.35000000 0.12047950

Result: Thus, the required approximate solution is the final Maple output.

Comment

Was this solution helpful? 0 1
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